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In this article, we determine a necessary and sufficient condition for a sum of 
closed ideals in the disk algebra to be closed. Essentially, the condition is that 
the generating inner functions must not simultaneously vanish in the sense used 
in the corona theorem. The proof uses interpolation properties of the disk algebra 
and Detraz’ generalization of the corona theorem. 
Denote by L”, H”, C, and A, the Banach algebras of essentially bounded 
functions, boundary values of bounded analytic functions, continuous functions, 
and C n Hw. All functions are on the unit circle T in the complex plane with 
the supremum norm determined by Lebesgue measure on the circle. 
Let I(K) denote the ideal of all functions in A which vanish on K. Here 
K is a compact subset of T with Lebesgue measure zero. The closed ideals 
in A are characterized as subsets of the form VI(K), where ‘p is an inner function 
whose support on the circle is contained in K, see Rudin [7]. 
This result is the analog of Beurling’s well-known characterization of the 
invariant subspaces for the shift operator on IF, see Beurling [l]. 
Let (~J,I(K,)} be a finite collection of closed ideals in A. In order to determine 
whether or not Zq@J is closed, it suffices to assume {cpl} are relatively prime, 
since multiplication by an inner function is an isometry on L”. See Hoffman [5] 
for details. 
THEOREM. Let {~QI(K,))~~, be a collection of ideals in A where the inner 
functions {vi} are relatively prime, i.e., hare no common factor other than 1. 
-4 necessary and su@ient condition that EJ.J,I(K,) be closed, is that there exist an 
E > 0 with 
2 I 944l 3 E (*) 
forallIz\ <l. 
We remark that (*) is the condition that arises in Carleson’s corona theo- 
rem [2]. In fact, since the weak-star closed ideals in H” are of the form vHm, 
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the corona theorem could be interpreted as giving a necessary and sufficient 
condition for the sum of weak-star closed ideals to be closed. The condition 
being (*) (after factoring out common divisors). 
We also remark that Rudin [8] has explicitly shown that the sum of closed 
ideals in A need not be closed. This result now follows by using the above 
characterization and some elementary facts about inner functions. 
If K is a compact subset of the circle whose measure is zero and g is a con- 
tinuous function on K then there is a function f in A whose restriction to K 
is g and whose modulus off the set K is strictly less than supx 1 g 1. See Rudin 
and Stout [9]. In particular, there is a peak function f in A, i.e., f is 1 on the 
set K and ) f ] < 1 everywhere else. 
We are now in a position to prove the theorem. 
Proof. We first show that (*) is necessary. From the ideal structure of A 
it can be shown that Z~IJ(K~) is dense in I(r) KJ. Assume therefore that 
Z&(Kz) = I(n K,) and let h be a peaking function in A for the set n Ki . 
Then 1 - hm is in I(n KJ for m = 1, 2,... so there exist g,., in I(K,) with 
Evigi,, = 1 - h”. Since 11  - hm 11 < 2 we can choose thegism’s to be uniformly 
bounded by the open mapping theorem applied to the obvious operator mapping 
I(K,) x ... x I(K,) onto I(0 Ki). Now 1 - h” converges to 1 in the weak-star 
topology on Ha, so by weak-star compactness there are functions gi in Hm 
with .Z&gi = 1 and hence Z 1 q~,(z)j is bounded away from zero in the open 
unit disc. Thus, condition (*) is necessary. 
To prove that (*) is sufficient, we first observe that ZI(K,) = I(n Ki). 
It suffices to prove this for 71 = 2, so let f belong to I(K, r\ K,). By the inter- 
polation result there is a function g in A with g = f on Kl and g = 0 on K2 . 
In otherwords, g is in I(K.J and f-g is in I(K,), or f is in I(K,) + I(K,). 
Thus, I(K, n KJ C I(K,) + I(K,) and we are done since the reverse inclusion 
is trivially true. 
Now assume that condition (*) is satisfied. By the above observation and 
the fact that Z~J,I(K,) is d ense in I(n KJ, it suffices to show that I(K,) C &J(KJ 
for each j = I,..., n. Let f be in I(K,) then qjf is in C and so by interpolation 
there is a g in A whose restriction to u Ki is &f. Since 1 vj 1 = 1, this gives 
that f - pjg is in I((J KE) or since g E I(K,) we have I(K,) contained in 
vjI(Ki) + I(u KJ and finally 
I (f-j Ki) = ZI(K,) C Z$(Ki) + I (u Ki). 
Thus we must show that I((J K,) is contained in Zq$(KJ. 
Detraz [3] has shown that the evaluation functionals in the open disk are 
dense in the maximal ideal space of the subalgebra of H* consisting of those 
functions f that are continuous on a fixed subset E of T. Since each qi is con- 
tinuous on T\U Ki and condition (*) is satisfied we conclude, as in the usual 
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reformulation of the corona theorem, that there are functions gj in Hx and 
continuous on T\(J Ki such that Zvigi = 1. 
Now take f in I(u K,) then fgi is in I(K,) and by the above result we have 
I.e., 
This completes the proof of the theorem. 
In conclusion, we remark that the application of Detraz’ result could be 
replaced by a more elementary proof. Since each inner function plL is actually 
analytically continuable across each point in T\(J K, we can apply a conformally 
equivalent version of the corona theorem to a region which has T\(J Kj in 
its interior. Then by restricting to the disk we have functions gi in H” which 
have analytic continuation across each point of T\(J K, and satisfy 2&g, = 1. 
This suggests a different proof for Detraz’ theorem, which would involve 
uniformly approximating functions which are continuous on a subset of the 
boundary by functions which are analytic in a neighborhood of this subset. 
This idea for proving Detraz’ theorem from an approximation result is not 
new, originally Stray [lo] established a restricted version and Gamelin and 
Garnett [4] established the result in general. See also, Range [6] for simplifica- 
tions and generalizations to several complex variables. 
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